We relate the existence problem of harmonic maps into S 2 to the convex geometry of S 2 . On one hand, this allows us to construct new examples of harmonic maps of degree 0 from compact surfaces of arbitrary genus into S 2 . On the other hand, we produce new example of regions that do not contain closed geodesics (that is, harmonic maps from S 1 ) but do contain images of harmonic maps from other domains. These regions can therefore not support a strictly convex function. Our construction builds upon an example of W. Kendall, and uses M. Struwe's heat flow approach for the existence of harmonic maps from surfaces.
Introduction
M. Emery [3] conjectured that a region in a Riemannian manifold that does not contain a closed geodesic supports a strictly convex function. W. Kendall [8] gave a counterexample to that conjecture. Having such a counterexample is important to understand the relation between convexity of domains and convexity of functions in Riemannian geometry.
Here, we refine the analysis of that counterexample and connect it with the existence theory of harmonic maps into S 2 . The counterexample is S 2 , equipped with its standard metric, minus three equally spaced subarcs of an equator of length π/3 each. That is, we subdivide the equator of S 2 into 6 arcs of equal length and remove every second of them. We construct nontrivial harmonic maps from compact Riemann surfaces whose image is compactly contained in that region. This excludes the existence of a strictly convex function on our region. The reason is, that the composition of a harmonic map with a convex function is a subharmonic function on the domain of the map, and therefore, since our domain is compact, has to be constant. But if both the map and the function are nontrivial, this is not possible.
The main technical achievement of this paper is the construction of the harmonic maps. The existence theory of harmonic maps into surfaces was developed in important papers of J. Sacks and K. Uhlenbeck [13] , and L. Lemaire [9] . Since then, various other existence schemes have been discovered (see for instance [5] ). While our construction will be more explicit than the general existence results, we also need arguments from the general theory. We use results from the heat flow approach of M. Struwe [14] Let us now describe our methos in more technical terms. Let (N, h) be a complete connected Riemannian manifold and let V N be an open connected subset of N . Suppose there exists a C 2 -function f : V −→ R which is strictly geodesically convex. That is,
for every geodesic c : (− , ) −→ V . We say that such V is a convex supporting domain.
Remark 1.1. While any subdomain of a convex supporting domain is convex supporting, we can not say much about their topology. But there are geometric constraints. For instance, for > 0 there exists no strictly convex function supported in
Consider the following properties of an open connected subset V N .
(i)There exists a strictly convex function f :
As already mentioned, the maximum principle implies (i) =⇒ (ii), and (ii) =⇒ (iii) =⇒ (iv) are obvious. M. Emery [3] conjectured that, if a subset V ⊆ N admits no closed geodesics, that is, if it has property (iv), then there exists a strictly convex function f : V → R; in other words, (iv) should imply (i). This conjecture was refuted by W. Kendall [8] , who gave an example of a subset of S 2 without closed geodesics. Kendall proves that one cannot define a strictly convex function in that subset of S 2 . In the present paper we prove something slightly stronger regarding the existence of a non-constant harmonic map into the region constructed in [8] . Namely, we construct a non-constant harmonic into it. In other words, we prove that property (iv) does not imply (ii).
We use the harmonic map heat flow to construct a smooth harmonic map u ∞ :
is the region constructed in [8] , see Figure 2 . Our construction also works for Riemannian surfaces of higher genus, and it gives a general method to construct harmonic maps from compact Riemann surfaces of any genus into symmetric surfaces. We first construct harmonic maps from graphs and then fatten the graphs to become Riemann surfaces. To construct the appropriate harmonic maps is the main technical achievement. In our construction, image symmetries under the harmonic map flow are preserved by the solution at time t = ∞.
What about other reverse implications for (i)-(iv)? In the last section of the present paper we show that the first reverse implication essentially holds following our work [1] , and add remarks and strategies to decide whether the other implications might be true.
A complete answer to all possible implications between (i)-(iv) would be a powerful result. In particular, since we have given abstract ways of showing that a region has property (ii) [1] , this would yield a conceptual way of verifying whether a region does admit a strictly convex function. A similar question is raised by W. Kendall from a martingale perspective [7] .
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Preliminaries

Harmonic maps
In this section, we introduce basic notions and properties of harmonic maps; references are [17] , [11] or [6] .
Let (M, g) and (N, h) be Riemannian manifolds without boundary, of dimension m and n, respectively. By Nash's theorem there exists an isometric embedding N → R L . where . 2 = ., . is the metric over the bundle T * M ⊗ u −1 T N induced by g and h.
Recall that the Sobolev space W 1,2 (M, N ) is defined as
that is, the energy of harmonic maps from surfaces is conformally invariant. Therefore, on a surface, we need not specify a Riemannian metric, but only a conformal class, that is the structure of a Riemann surface, to define harmonic maps. 
B is bilinear and symmetric in X, Y ∈ Γ(T M ). It can also be seen as Taking a C 1 variation u(., t) t < yields
(2.5) By (2.5), the Euler-Lagrange equations for the energy functional are
where the Γ α βγ denote the Christoffel symbols of N . Hence we can equivalently define (weakly) harmonic maps as maps that (weakly) satisfy the harmonic map equation (2.6). Then
Example 2.7 (L. Lemaire [10] ). For every integers p and D such that |D ≤ p − 1|, there exists a Riemann surface of genus p and a harmonic nonholomorphic map of degree D from that surface to the sphere. For the case of D = 0, one considers a 1-form as a harmonic mapφ : Σ g −→ S 1 and a totally geodesic embedding
Here, the image φ(Σ g ) ⊂ S 2 is contained in the image of a closed geodesic of S 2 , and therefore, is geometrically trivial. The main construction of this paper yields harmonic maps from Riemann surfaces of even genus into S 2 that do not contain closed geodesics in their images.
The harmonic map flow
Let M be a compact Riemann surface and N a compact Riemannian manifold. M. Struwe [14] (see also Chang [2] ) showed that the heat flow
has a global weak solution. By (2.5), we have
and since τ (u(x, t)) 2 ≥ 0, the energy does not increase along the flow.
M. Struwe's solution is smooth with the possible exception of finitely many singular points. A. Freire [4] proved uniqueness among the maps for which E( · , t) is decreasing in t, see P. Topping [15, 16] . More precisely, we have the following. At each such singular point, we encounter the bubbling phenomenon. Struwe's results on the harmonic map flow will be the main tools to construct the desired harmonic map.
The main example 3.1 The construction of the Riemann surface
We start by considering a region on S 2 described by Figure 1 .
Notation 3.1. The 'Equator' is the embedding i :
Dividing the Equator into 6 equal pieces, we can pick Γ 1 , Γ 2 , Γ 3 as three non-intersecting pieces, as in Figure 1 . For a given > 0, consider the sets
Therefore Ω does not admit closed geodesics. This is analogous to W. Kendall's propeller [8] .
We define a compact Riemann surface Σ 2 as follows, see Figure 2 .
Consider the poles S = (0, 0, −1) and N = (0, 0, 1). LetS 2 denote another sphere such thatÑ ,S belong to the axis x 3 of R 3 andS 2 is a reflection of S 2 centered at a point u 0 smooth Figure 2 : The Riemann surface Σ 2 and the map u 0 of the axis. Denote by d > 0 the distance betweenÑ and S. InS 2 , consider also the segmentsΓ i and the setsΓ i as in S 2 .
We connect the two spheres by three tubes (cylinders), called T 1 , T 2 , T 3 such that ∂T i = Γ i ∪Γ i , i.e., the tubes connect the sets Γ i andΓ i pairwise and smoothly. The following two symmetries will be important.
(a) A Z 3 symmetry around the x 3 axis is preserved, i.e. the tubes and the circles are all equal.
(b) A Z 2 symmetry around the midpointÑ and S is preserved.
The initial condition u 0
The procedure on the previous subsection generates a genus 2 compact Riemann surface Σ 2 , and we consider the induced metric from R 3 as its Riemannian metric. The next step is to define the smooth initial condition between Σ 2 and S 2 , and explore the properties of the harmonic map flow.
Let u 0 ∈ C ∞ Σ 2 , S 2 be the map given by
Where ( * ) is defined as follows. Consider the geodesic γ connecting the south and the north poles in S 2 given below.
where 2R > 0 is the height of the tubes T i in our Riemann surface Σ 2 . Now, given
where r is the radius of T i . Up to the diffeomorphism that makes the cylinder straight, define u 0 | T i as a map in
The image of Σ 2 under u 0 preserves the Z 2 and Z 3 symmetries of Σ 2 , and the harmonic map flow will preserve these symmetries of the initial condition. 
Moreover, if u is a the unique Struwe solution for (2.9) with initial condition (3.2), as ψ is totally geodesic, we have
therefore ψ • u is a solution to the same problem.
The same argument applies to the Z 2 action (a, b, c) → (a, b, −c). Therefore the harmonic map u ∞ : Σ 2 → S 2 given by Struwe's solution of (2.9) with initial condition u 0 is Z 3 and Z 2 equivariant with respect to the actions defined above.
Another important remark about the initial condition u 0 is that we can control its energy by changing the length and radius of the tubes T i . Lemma 3.3 (A control on the energy of u 0 ). Since γ(t) = π 2R , we have
and therefore
By making the tubes connecting S 2 andS 2 in Σ 2 thinner and longer, we can make the energy of u 0 arbitrarily small. More precisely, given any > 0, we can pick r ∈ (0, 1) and R ∈ (1, +∞) such that E(u 0 ) ≤ . By Equation (2.10), we know that the energy decreases along the flow and therefore we have a control on the energy of u t for every t ∈ R + .
3.3
Controlling the image of u ∞ Theorem 2.8 above roughly tells us that, given any initial condition u 0 ∈ W 1,2 (M, N ), there exist a smooth solution to the harmonic map flow with the exception of some finite points on which the energy is controlled. In other words, we have a harmonic map u ∞ : M \{q 1 , ..., q l } → N and around the singularities this map can be extended to a harmonic sphere h : S 2 → N .
Since each harmonic two-sphere which bubbles out carries at least the energy 4π (the area of the target sphere S 2 ) and every energy loss during the flow is due to the formation of a bubble (see [12] ), we avoid the formation of bubbles by taking Σ 2 as the compact Riemann surface with tubes of length R ∈ (1, +∞) and radius r ∈ (0, 1), such that for a given 0 > 0 we have E(u 0 ) ≤ 0 << 4π.
With this initial condition u 0 , we have a unique global smooth solution u of the harmonic map flow (2.9). This gives us the smooth harmonic map
(3.5)
. To do so, we need the following lemma due to Courant, see for instance [5] for a proof. 
for all x 1 , x 2 ∈ ∂B(p, r) ∩ D.
The Z 2 symmetry of u ∞ (Σ 2 ) implies that there are two antipodal points, called N and S, on the image of u ∞ (Σ 2 ). By the Z 3 symmetry and the fact that the image is connected, there exist three points p i ∈ T i , i = 1, 2, 3, each of them Z 2 -invariant, with u ∞ (p i ) ∈ Equator. Moreover, ϕ(u ∞ (p 1 )) = u ∞ (p 2 ), ϕ(u ∞ (p 2 )) = u ∞ (p 3 ) and ϕ(u ∞ (p 3 )) = u ∞ (p 1 ). With the help of the Courant-Lebesgue lemma 3.4, we shall now see that that a small neighborhood of the tube around p i is mapped into a small neighborhood of u ∞ (p i ) of controlled size. In fact, since E(u ∞ ) ≤ E(u 0 ) < r 2 R , where r is the radius of the tubes and R their heights, we start taking r ∈ (0, 1) and R ∈ (1, +∞) such that u ∞ has no bubbles and rπ << π/6. Therefore, taking δ < r 2 the Courant-Lebesgue lemma implies that there exists some s ∈ (r 2 , r) such that
for every
Therefore, by Equation (3.7),
In particular, if we call S 1 i the circle given by the intersection of the x, y-plane in R 3 with T i , the above argument shows that the image of a δ-neighborhood of S 1 i under u ∞ is contained in a neighborhood of u ∞ (p i ) that does not intersect any of the removed sets Γ i , because, since p i is invariant under the Z 2 action, so is S 1 i . We claim that for any point a ∈ T i such that a /
If ∂u ∞ (Σ 2 ) = ∅, then u ∞ (T i ) is totally geodesic and we have that
where η : Σ 2 −→ S 2 is smooth, η ≡ 0 outside a neighborhood of a and (u ∞ ) t (a) ∈ Hemisphere N (where we are assuming without loss of generality that d(a, S 2 ) < d(a,S 2 )). This variation (u ∞ ) t (x) clearly satisfies E((u ∞ ) t ) < E(u ∞ ), but this contradicts the fact that u ∞ is a smooth harmonic map. Therefore such a point a ∈ T i \ B(S 1 i , δ) cannot be mapped on the Equator. This concludes the proof that u ∞ (Σ 2 ) ⊂ S 2 \ (Γ 1 ∪ Γ 2 ∪ Γ 3 ).
To summarize, we have shown that the solution u ∞ of the harmonic map flow
where u 0 : Σ 2 → S 2 is given by Definition 3.2 is a harmonic map from the compact genus two Riemann surface Σ 2 into the sphere S 2 and the image u ∞ (Σ 2 ) does not contain closed geodesics.
Remark 3.5. By the same argument, we could construct harmonic maps from compact Riemann surfaces of genus 2p for any p > 1, replacing the Z 3 symmetry by a Z 2p+1 symmetry. Moreover, if we replace the target by another 2-dimensional surface with the appropriate symmetries, we could try to construct a u 0 -type initial condition respecting the necessary symmetries.
Remarks and open questions
As pointed out in the introduction, it is an interesting question whether the implications between properties (i) to (iv) of a given subset V ⊂ (N, h) hold true. Here, we make a couple of remarks on this problem to illustrate some applications and possible consequences.
We start by considering the equivalence between properties (i) and (ii). Since (i) implies (ii) by the maximum principle, the question is whether (ii) implies (i). More precisely, we are assuming that a subset V ⊆ (N, h) admits no image of non-constant harmonic maps φ : (M, g) −→ (N, h), where M is a closed Riemannian manifold, and we ask if this implies the existence of a strictly convex function f : V −→ R.
We start by remarking that, if one takes a geodesic ball B(p, r) in a complete manifold N such that r is smaller than the convexity radius of N at p, then ∂B(p, r) is a hypersurface of N with definite second fundamental form for every point q ∈ ∂B(p, r).
A partial answer to the above question was obtained in [1] where the following theorem was proven. where B(·, ·) is the geodesic ball and r(t) is smaller than the convexity radius of N for any t. If, for each t 0 ∈ (a, b), the set R\B(γ(t 0 ), r(t 0 )) is the union of two disjoint connected sets, namely the connected component of γ(a) and the one of γ(b), then there exists no compact manifold (M, g) and non-constant harmonic map φ :
According to the above definitions, the region R of theorem 4.1 has property (ii). As a direct corollary of the proof, which is based on an application of a maximum principle, we conclude that, if a subset V of N admits a sweep-out by convex hypersurfaces with the additional property that the absence of each leave of this sweep-out divides V in two connected components like the region R above, then V has property (ii).
This corollary gives us a geometric way of checking whether a certain subset of a manifold has property (ii). If f : V −→ R is strictly convex, then the level sets of f naturally give us the desired sweepout in 4.1. On the other hand, a function f : V −→ R whose level sets yield a convex sweepout, is not necessarily strictly convex. We may have to reparametrize f to make it strictly convex: It is enough to use the parameter t ∈ [a, b] of the 1-parameter family of convex leaves in the above theorem and control the growth of the gradient of f while it walks through the convex leaves of the sweep-out.
The above argument is a strategy for the proof that when V satisfies the properties of the region R in theorem 4.1, then V has property (i). In other words, this gives us a method to obtain strictly convex functions on some subset V of (N, h) based on its geometry.
Another question is whether (iv) implies (iii). Suppose V does not have closed geodesics. Does that imply that there are no harmonic maps φ : (S k ,g) −→ (N, h) with φ(S k ) ⊂ V ? In particular, does the absence of closed geodesics imply no bubbles in V ?
In the previous sections we have proven that property (iv) does not imply property (ii). It may be that with similar techniques, and a symmetric space different from S 2 as target, one can build a counterexample for the implication (iv) =⇒ (iii) as well, allowing the energy of the initial condition to be big enough to form a bubble, while still controlling the image of the final map preserving symmetries, as in section 2.
